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An optimal control problem for an elastic beam
in a dynamic contact with a rigid obstacle

M. Keckemétyova and I. Bock *

Abstract: We deal with the optimal control problem governed by a hyperbolic variational inequality
describing the perpendicular vibrations of a beam clamped on the left end with a rigid obstacle at the
right end. A variable thickness of a beam plays the role of a control parameter.

1 Introduction

The dynamic contact problems are not frequently solved in the framework of variational inequal-
ities. For the elastic problems there is only a very limited amount of results available (cf. [4] and
there cited literature). The inner dynamic obstacle problem for the plate with moderately large
deflections has been solved in [1]. We deal here with an optimal design problem for an elastic
beam in dynamic contact with a rigid obstacle. A variable thickness of a beam plays the role
of a control variable. We have solved such problem in [2]with the fixed convex set of admissible
deflections expressing the boundary contact. The admissible sets of deflections depends here on
the control variable due to the character of the unilateral condition. A similar problem for the
stationary elliptic state variational inequality has been considered in [3]. In contrast to it there
is no uniqueness result in the dynamic case and hence the minimum will depend both on the
thickness as the control and the deflection as the state variable. Solving the state hyperbolic
variational inequality we apply the method of penalization in the same way as in [1].

2 Solving of the state problem

2.1 The state problem formulation

We consider an elastic beam of the length L > 0. Its variable thickness is expressed by the
positive function = — 2e(z), = € [0, L], the constant d > 0 involves the material and geometrical
characteristics. We assume for simplicity p = 1 the density of the material and the beam free on
the both ends. The rigid inner obstacle is characterized by the function @ : [0, L] — R. If f is a
perpendicular load acting on the beam, ug, vy the initial displacement and velocity respectively,
then the vertical displacement u solves the following hyperbolic initial-boundary value problem
with an unknown contact force g and the complementary conditions.

e(z)ii 4+ d(e3(2)upz ) 2w = f(t,x) + g(t,z) in (0,T) x (0,L), (1)
Uz (£,0) = [€3(2)taa]z(t,0) = Uge(t, L) = [€3(2)tge)o(t, L) = 0, t € (0,T], (2)
uZ@—I—%e,gZO, (u—@—%e)g:(), in (0,7) x (0, L], (3)
u(0,z) = up(x), u(0,z) =wvo(x), € (0,L). (4)

We set I = (0,7), @ =1 x (0,L). and introduce the Hilbert spaces

H=L,(0,L), V=H*0,L)={y € Ly(0,L) : v € Ly(0,L)}
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with the inner products and the norms

L
(y,2) = / y(2)=(2) dz, lylo = (y.y)"/2, g, = € H:

L
((y,2)) = /0 [y(2)2(2) + 3" (2)2" ()] dz, |ly| = (g, 9)"/?, y, z € V.
Further we set V = Loo(I,V),

Kle) = {y €V ylt,0) > B(a) + gelw) for ae. (1) € (0,T] x [0, 1]},

1
K)={veV: v(z)>d(zx)+ §e($) for all z € [0, L]}
and assume
fFeLyQ), PEV, ug€ K(e), vy € La(2); e € H[0,L], 0<e1 < e < e

Definition 2.1 Function u € K(e) is a weak solution of the problem (1)-(4) if it € V*, the
initial conditions (4) are fulfilled in a certain generalized sense and the inequality

(el =) +d [ S@hiaaly =~ wawdtds > [ f@)(t.0) ~ uto)deds (3
Q Q
holds for any y € K(e).
The expression ((-,-)) means the duality between the spaces V* and V as the extension of the
inner product in the space Lo(Q).

2.2 Penalization

We define for € > 0 the penalized problem in the variational form:

To find u. € V such that . € Lo(I;V*) and

(i) + [ [ @] = e 000) = el o] dvao = [ pyaas
Yy € Lo(I,V),
ue(0,2) = up(z), 0:(0,2) =vo(z), x € (0,L). (7)

We verify the existence of a solution to the penalized problem and useful a priori estimates by
the Galerkin method.

Theorem 2.2 There exists a solution u = ue of the problem (6), (7) fulfilling the estimate

el po.ny) + el 11y < Cd; ex, e2,u0, v0, f),

2 1 2
Cldereauon ) = (24 2ip ) (catoold + defluall + 21112, 1 a0 )-
1

Proof. Let us denote by {w; € V; i € N} a basis of V. We construct the Galerkin approximation
Uy, of a solution in a form

(8)

Zal wi, a;i(t) R, i=1,...,m, meN,

/L <e(:v)umwz + de3 (2)um, ,wi,, — e *(u,, — D(z) — ;e(x))wz) do —

/ fwidz, i =1,.

= Uom, Um(0) = vom, Uom — up in V and vg,, — vg in Lo(0, L). (10)
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The solution u,, : [0,T] — R exists due the existence theory for the 2nd-order system of ordinary
differential equations. After multiplying the equation (9) by ¢;(¢), summing up with respect to
1 and integrating we obtain the estimate

. 1 — 1
il g, oo,y F um &y + & i = @ = Zelloq o,y < - (11)
From (9) we obtain directly the estimate
HumH%Q(I,W;;l) S Cey, M C N7 (12)

where Wy, is the linear hull of {w;}",.

We proceed with the convergence of the Galerkin approximation. Applying the estimates
(11), (12), the density of | J;-_; Wy, and the compact imbedding theorem we obtain for a sub-
sequence of {u,,} (denoted again by {u,,}) a function v € V N H*(Q) with i € Lo(I; W*) and
the convergences

i — i in Lo(I; W),
Uy, =" 0 in Loo(I; L2(0,L)),
Uy, —" U in V,

U — U in C(I; H*%(0, L)) ¥é > 0.

(13)

Let p €N, 2z, =Y, ¢i(t)w;, ¢; € D(0,T), i =1, ..., u. The convergence process (13) implies

(Gieren) + [

1
[deuxzzpm — e HNue — D — e)_zu] dtdx = / fzudtdx
Q 2 Q

Functions {z,} form a dense subset of the set Lo(I; V'), hence a function u = wu. fulfils the
identity (6) and i € La(Z; V™). The initial conditions (7) follow due to (10) and the proof of the
existence of a solution is complete.

In order to achieve the a priori estimate (8) we put

B Ug for t < s
Y 0fort>s

in (6) with an arbitrary s € I. After performing the integration we obtain the inequalities

S
e1lte[g(s) + de|luc|*(s) < ealvolf + de3luoll* + 2/0 (f, te) () dt
2 1 .
< e|vo[§ + des|uoll® + aHfH%I(I;Lg(O,L)) + §@1||U6H%OO(1,L2(0,L)) Vsel
and the estimate (8) follows.

2.3 The limit process to the original state problem
The a priori estimates and the convergence process derived in the previous section imply the

estimate )

liel7 1. mo0,0y) + el oy +e lus =@ = 56\%(@2(0@)) < ca. (14)

Let us set y(t,z) =1 in (6). The estimate (14) implies the estimates

1
0<el /Q(ug ~ @ Je) dids < 5, [,y < s (15)
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Then there exists a sequence &, \, 0 , a function v € VN H(Q) and a functional g € (Loo(Q))*
such that i € (Loo(I,V))*, @ € Loo(I, L2(0, L)) NCy (I, L2(0, L)) and for u, = u,, the following
convergences hold

Ty, —" 1 in (Loo(I; V)"
G =i in Le(I; V),
Uy — u inV,
Up, —u  in C(I, H>7°) V8 > 0, (16)
1 _
u;—@—ie—w) in C(1, Ly(£2)),

€n (un e 56) - g in (LOO(Q))*

Let us define the operator A(e) : V — V* by

L
Ay} =d [ @t da, w, y € V. (1)
0
The performed convergences implies that the limit function u fulfils the equation in V*
cii + Aleyu = f +g, (18)

where eti € V* is defined by ((eii,y)) = ((i, ey)) Vy € V.

The limit functional g represents a contact force acting between the beam and the obstacle.
It fulfils ((g,u — ® — 3e)) = 0 and ({g,2)) > 0 Vz € V 2 > 0 due to the last convergence in (16)
and hence the inequality (5) is fulfilled. The initial condition for a deflection u is fulfilled in the
space H 2_‘S(Q) and the initial velocity id fulfilled in a generalized sense. Hence we have proved

Theorem 2.3 Let up € K, vg € La(0,L), f € La(Q), PV, ecV, 0<e; <e<es.
Then there exists a weak solution of the State problem (1)-(4) fulfilling the estimate
Iall7 (1, 0,0y + lellZ 1y < C(dser, e, u0,v0, f) (19)

with the constant C(d, ey, e, ug,vo, f) defined in (8).

3 Optimal control problem
We consider a cost functional
J:Vx C*([0,L]) — RT

fulfilling
Uy — uin V, e, — e in C*([0, L]) = J(u,e) < liminf J(uy, e,).

Let
Eu={ec H*0,L): 0<e; <e(z) <ey Vo el0,L], lell#30,) < es}

be the set of admissible thicknesses. We remark that E,q is compact in H2(0, L).
Before formulating the Optimal control problem we introduce the space of functions

W ={v € Loo(I;L3(0,L)) : 39 € Loo(L;V)* and {v,} € HY(I; Ly(0,L))
such that v, =" v in Loo(I; L2(0, L)), vy =" 0 in Loo(I; V)*}.

Optimal control problem P : To find a couple (ux, ex) € Ugg(esx) X Eqq such that

J(u*, 6*) < J(ua 6) V(u> 6) € Uad(e) X Ead, (20)
Ugda(e) ={u e K(e): uwe€ W, uis a weak solution of (1) — (4),

123 1o,y + NllF o vy < C1}
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with C1 > C(d, e1, ea, up, vg, f) - a positive constant defined in (8).

The construction of a solution u € K(e) using the penalization method in Theorem 2.3
implies that Ugg(e) # () for every e € Eq.
Theorem 3.1 There exists a solution of the Optimal control problem P.

Proof. Let {(un,en)} € Ugg(en) X Eqq be a minimizing sequence i.e.

lim J(up,en) = inf  J(u,e).

n—00 Uad(€)x Eaa
There exists (ux,ex) € K(ex) X Eyq and a subsequence denoted again by (uy, e,) such that
en — ey in H2(0,T), up — u, in V. (22)
The elements u,, € Uyq(ey) are weak solutions of the State problem (1)-(4) with e = e,, and fulfil
ins ) + [ [d6h e = S0t 2] dtde = (g ) ¥y eV (29
with functionals g, € V*, n € N fulfilling
({gn,v)) >0Vv eV, v>0; ((gn,up —P— —e,)) =0. (24)

After inserting y(z) = 1 in (23) we obtain

L
/ [en(ac)(un(T,x)—vo(x))d:c—/f(t,ac)dtd:r-((gn,l)>.
0 Q

Using the definition of the admissible set U,y and the property (24) of the functionals g, we
arrive to the estimates

llgnllve < cs, ||tin]lv < ce.

Then there exist the subsequence of {uy,, ey, g,} (denoted by {un,en,g,}) fulfilling the conver-
gence (22) and g, —* g in V* such that u, € Uyg(ex) with a contact functional g = g.. Lower
semicontinuity properties of the functional J imply

J(uy, ex) < liminf J(up, e,) = U (iI)le J(u,e).
n—00 ad(€) X Ligd

Then

J(uy, es) = Uad?el)iSEad J(u,e)

and the proof is complete.
Remark 3.2 The family of convex sets {K(e)} fulfils the ”continuity” condition
en — e in H2(02) = K(eo) = Limy,—.o0 K(en), €j € Eaay, 7=0,1,...,n, ...,

where the symbol Lim means the special type of convergence introduced by U.Mosco in [5], see
also [3]. This property was used in the proof of the previous theorem.

Remark 3.3 We have chosen an admissible set Uyq(e) in a form (21) because there are no
uniqueness and no a priori estimates of solutions of the state variational inequality. The smooth-
ness assumption e € H>(0, L) is inevitable due to the appearance of the control parameter e in
the term connected with the second derivative i € (Loo(I,V))*.
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