
(1) Rie²te okrajovú úlohu
cos2 x u′′ − sin 2x u′ = cosx, 0 < x < π

3
, u′(0) = u(π

3
) = 0,

(cos2 x)′ = −2 sinx cosx = − sin 2x.
(cos2 x u′)′ = cosx, cos2 x u′ = sinx+ c1,
u′ = sinx

cos2 x
+ c1

cos2 x
,

u′(0) = c1 = 0,
(subst. cosx = t) u(x) = 1

cosx
+ c2,

u(π
3
) = 2 + c2 = 0⇒ c2 = 2,

u(x) = 1
cosx
− 2.

(2) Rie²te úlohu na vlastné hodnoty a vlastné funkcie.
u′′ + λu = 0, 0 < x < 2, u′(0) = u′(2) = 0.

q(x) = 0⇒ λ ≥ 0
a) λ = 0, ⇒ u(x) = c1 + c2x
u′(0) = u′(2) = c2 = 0, c1 = 1, ⇒ λ0 = 0, u0(x) = 1,

b) λ > 0, u(x) = c1 cos
√
λx+ c2 sin

√
λx,

u′(x) = −
√
λc1 sin

√
λx+

√
λc2 cos

√
λx,

u′(0) =
√
λc2 = 0⇒ c2 = 0, c1 = 1, u(x) = cos

√
λx,

u′(2) = −
√
λ sin 2

√
λ = 0⇒ 2

√
λ = nπ,

√
λ = nπ

2
.

λn =
(
nπ
2

)2
, un(x) = cos nπ

2
x, n = 0, 1, 2... .

(3) Rie²te okrajovú úlohu

∆ = 0, 0 < x < 2π, 0 < y < 1,
u(0, y) = ∂xu(2π, y) = u(x, 0) = 0, u(x, 1) = x.

Rie²enie:

u(x, y) = X(x)Y (y).
Po dosadení do rovnice:
X ′′Y +XY ′′ = 0/ 1

XY
,

Y ′′ − λY (y) = 0,
X′′

X
+ Y ′′

Y
= 0⇒ X′′

X
= −Y ′′

Y
= −λ.

X ′′ + λX = 0, X(0) = X ′(2π) = 0.

Z prvej okrajovej podmienky: λ > 0, X(x) = sin
√
λx,

Z druhej okrajovej podmienky:
X ′(2π) =

√
λ cos(

√
λ2π) = 0⇒

√
λ2π = (2n−1)π

2
,√

λ = 2n−1
4
, λ ≡ λn =

(
2n−1

4

)2
, X ≡ Xn(x) = sin 2n−1

4
x.

1



Dosadením do rovnice pre Y :

Y ′′n −
(

2n−1
4

)2
Yn = 0, Yn(0) = 0.

Yn(y) = an cosh 2n−1
4
y + bn sinh 2n−1

4
y, 0 < y < 1.

Yn(0) = an cosh 0 = an = 0.
Yn(y) = bn sinh 2n−1

4
y, 0 < y < 1.

un(x, y) = Yn(y)Xn(x) = bn sinh 2n−1
4
yy sin 2n−1

4
x.

u(x, y) =
∑∞

n=1 bn sinh 2n−1
4
y sin sinh 2n−1

4
x.

Z nenulovej okrajovej podmienky:
u(x, 1) = x =

∑∞
n=1 bn sinh 2n−1

4
sin 2n−1

4
x.

Fourierove koe�cienty:
Bn = bn sinh 2n−1

4
= 1

π

∫ 2π

0
x sin 2n−1

4
x =

1
π

∫ 2π

0

(
4

2n−1

)
cos 2n−1

4
x dx = 16(−1)n−1

(2n−1)2π
,

bn = 16(−1)n−1

(2n−1)2π sinh 2n−1
4

.

Výsledok:

u(x, y) =
∑∞

n=1
16(−1)n−1

(2n−1)2π sinh 2n−1
4

sinh 2n−1
4
y sin 2n−1

4
x.


