
(1) Rie²te okrajovú úlohu

4u = ∂2u
∂x2 + ∂2u

∂y2 = 0, 0 < x < π, 0 < y < 2,
u(0, y) = ∂u

∂x (π, y) = 0, ∂u
∂y (x, 0) = 0, u(x, 2) = x.

u(x, y) = X(x)Y (y),
X′′(x)
X(x) = −Y

′′(y)
Y (y) = λ,

Y ′′(y)− λY (y) = 0.

X ′′(x) + λX(x) = 0, X(0) = X ′(π) = 0,
λ > 0, X(x) = sin

√
λx.

X ′(π) =
√
λ cos

√
λπ = 0⇒

√
λπ = (2n− 1)π2 ⇒

√
λ = 2n−1

2

λ ≡ λn =
(

2n−1
2

)2
, X(x) ≡ Xn(x) = sin 2n−1

2 x, n ∈ N.

Y ′′n (y)−
(

2n−1
2

)2
Yn(y) = 0, n ∈ N,

Yn(y) = an cosh 2n−1
2 y + bn sinh 2n−1

2 y.

Y ′n(0) = bn
2n−1

2 = 0 ⇒ Yn(y) = an cosh 2n−1
2 y.

un(x, y) = Yn(y)Xn(x) = an cosh 2n−1
2 y sin 2n−1

2 x,

u(x, y) =
∞∑
n=1

un(x, y) =
∞∑
n=1

an cosh
2n− 1

2
y sin

2n− 1
2

x.

x = u(x, 2) =
∑∞
n=1 an cosh(2n− 1) sin 2n−1

2 x.

An = an cosh(2n− 1) = 2
π

∫ π
0
x sin 2n−1

2 x dx = 8(−1)n−1

π(2n−1)2 ,

an =
An

cosh(2n− 1)
=

8(−1)n−1

π(2n− 1)2 cosh(2n− 1)
, n ∈ N.

u(x, y) =
∞∑
n=1

8(−1)n−1

π(2n− 1)2 cosh(2n− 1)
cosh(2n− 1)y sin

2n− 1
2

x.

(2) Rie²te okrajovú úlohu
∆u(x, y) = 0, x2 + y2 < 4, x > 0, y > 0
u(x, 0) = u(0, y) = 0, ∂u

∂~n = 1, ak x2 + y2 = 4

r2∆u(r, ϕ) = r2 ∂2u
∂r2 + r ∂u∂r + ∂2u

∂ϕ2 = 0, 0 < r < 2, 0 < ϕ < π
2 .

u(r, ϕ) = R(r)Φ(ϕ),
r2R′′+rR′

R(r) = − Φ′′

Φ(ϕ) = λ

r2R′′ + rR′ − λR = 0, 0 < r < 2.
Φ′′ + λΦ = 0, 0 < ϕ < π

2 ; Φ(0) = Φ(π2 ) = 0.
λ > 0, Φ(ϕ) = sin(

√
λϕ),

Φ(π2 ) = sin(
√
λπ2 ) = 0⇒

√
λπ2 = nπ,

λ ≡ λn = (2n)2, Φn(ϕ) = sin 2nϕ, n ∈ N.
r2R′′n + rR′n − (2n)2Rn = 0, 0 ≤ r < 2⇒ Rn(r) = anr

2n,

un(r, ϕ) = Rn(r)Φn(ϕ) = anr
2n sin 2nϕ, , n ∈ N
1



u(r, ϕ) =
∞∑
n=1

un(r, ϕ) =
∞∑
n=1

anr
2n sin 2nϕ.

1 = ∂u
∂r (2, ϕ) =

∑∞
n=1 an2n22n−1 sin 2nϕ,

An = 2n22n−1an = 4
π

∫ π
0

sin 2nϕdϕ = 2
nπ [1− (−1)n],

an =
An

2n22n−1
=

2[1− (−1)n]
π22nn2

, n ∈ N.

u(r, ϕ) =
∞∑
n=1

2[1− (−1)n]
π22nn2

r2n sin 2nϕ =
∞∑
n=1

2[1− (−1)n]
πn2

(r
2

)2n

sin 2nϕ.

(3) Rie²te úlohu na vlastné hodnoty:
∆u+ λu(x, y) = 0, u < x < 2π, 0 < y < 1,
u(0, y) = u(2π, y) = ∂u

∂y (x, 0) = ∂u
∂y (x, 1) = 0.

u(x, y) = X(x)Y (y), λ = µ+ ν,

X ′′ + µX(x) = 0, X(0) = X(2π) = 0,
µm =

(
m
2

)2
, Xm(x) = sin m

2 x, m ∈ N.

Y ′′ + νY (y) = 0, Y ′(0) = Y ′(1) = 0,
νn = (nπ)2, Y (y) = cosnπ y, n ∈ N0.

λm,n =
(m

2

)2

+ (nπ)2, um,n = sin
m

2
x cosnπ y, m ∈ N, n ∈ N0.

(4) Rie²te za£iato£no-okrajovú úlohu
∂u
∂t − 3∂

2u
∂x2 = 0, ∂u

∂x (t, 0) = ∂u
∂x (t, 1) = 0, u(0, x) = x.

u(t, x) = T (t)X(x),
T ′

3T = X′′

X = −λ,

T ′ + 3λT (t) = 0,

X ′′ + λX, X ′(0) = X ′(1) = 0,
λ ≥ 0, λ0 = 0, X0(x) = 1,
λ > 0, X(x) = cos

√
λx,

X ′(1) = −
√
λ sin

√
λ1 = 0⇒

√
λ = nπ, n = 1, 2, ...

λ ≡ λn = n2π2, Xn(x) = cosnπx, n = 0, 1, 2, ...

T ′n + 3n2π2T (t) = 0⇒ Tn(t) = ane
−3n2π2t, n = 0, 1, 2, ...

u(t, x) =
∑∞
n=0 ane

−3n2π2t cosnπx,
x = u(0, x) =

∑∞
n=0 an cosnπx,

a0 =
∫ 1

0
x dx = 1

2 , an = 2
∫ 1

0
x cosnπx dx = 2[(−1)n−1]

n2π2 .

u(t, x) =
1
2

+
∞∑
n=1

2[(−1)n − 1]
n2π2

e−3n2π2t cosnπx.


