
(1) Rie²te okrajovú úlohu

4u = ∂2u
∂x2 + ∂2u

∂y2
= 0, 0 < x < 2, 0 < y < 1,

∂u
∂y

(x, 0) = u(x, 1) = u(0, y) = 0, ∂u
∂x

(2, y) = 1.

u(x, y) = X(x)Y (y),
X ′′(x)− λX(x) = 0
Y ′′(y) + λY (y) = 0, Y ′(0) = Y (1) = 0.

λ > 0, Y (y) = c1 cos
√
λy + c2 sin

√
λy,

Y ′(y) = −c1

√
λ sin

√
λy + c2

√
λ cos

√
λy,

Y ′(0) = c2

√
λ = 0⇒ c2 = 0, c1 = 1,

Y (y) = cos
√
λy, Y (1) = cos

√
λ = 0⇒

√
λ = (2k−1)π

2
,

λ ≡ λk = (2k−1)2π2

4
, Y (y) ≡ Yk(y) = cos (2k−1)π

2
y, k = 1, 2, ...

X ′′k − λkXk(x) = 0, X ′′k −
(2k−1)2π2

4
Xk(x) = 0

Xk(x) = ak cosh (2k−1)π
2

x+ bk sinh (2k−1)π
2

x.

Xk(0) = ak = 0⇒ Xk(x) = bk sinh (2k−1)π
2

x.

uk(x, y) = Xk(x)Yk(y) = bk sinh (2k−1)π
2

x cos (2k−1)π
2

y,

u(x, y) =
∑∞

k=1 uk(x, y) =
∑∞

k=1 bk sinh (2k−1)π
2

x cos (2k−1)π
2

y.

1 = ∂u
∂y

(2, y) =
∑∞

k=1 bk
(2k−1)π

2
cosh(2k − 1)π cos (2k−1)π

2
y.

Bk = bk
(2k−1)π

2
cosh(2k − 1)π = 2

∫ 1

0
1 cos (2k−1)π

2
y dy

= 4
(2k−1)π

sin (2k−1)π
2

= 4(−1)k−1

(2k−1)π
.

bk = Bk
(2k−1)π

2
cosh(2k−1)π

= 8(−1)k−1

(2k−1)2π2 cosh(2k−1)π
.

u(x, y) =
∑∞

k=1
8(−1)k−1

(2k−1)2π2 cosh(2k−1)π
sinh (2k−1)π

2
x cos (2k−1)π

2
y.

(2) Rie²te okrajovú úlohu
4u(x, y) = 1, x2 + y2 < 1, u(x, y) = 0, ak x2 + y2 = 1.
∂2u
∂r2

+ 1
r
∂u
∂r

+ 1
r2
∂2u
∂φ2 = 1, 0 < r < 1.

r2 ∂2u
∂r2

+ r ∂u
∂r

+ ∂2u
∂φ2 = r2, 0 ≤ r < 1, 0 ≤ φ ≤ 2π, u(1, φ) = 0

u(r, φ) = R(r), 0 ≤ r < 1, R(1) = 0.
r2R′′(r) + rR′(r) = r2, rR′′ +R′ = r,
(rR′(r))′ = r, R(1) = 0,
rR′(r) = 1

2
r2 + C, R′(r) = 1

2
r + C1

r
,

R(r) = 1
4
r2+C1 ln r+C2, C1 = 0, pretoºe rie²enie je ohrani£ené.

R(1) = 1
4

+ C2 = 0⇒ C2 = −1
4
,

R(r) = u(r, φ) = 1
4
r2 − 1

4
= 1

4
(r2 − 1),

u(x, y) = 1
4
(x2 + y2 − 1).

1



(3) Rie²te za£iato£no-okrajovú úlohu
∂u
∂t
− 4∂

2u
∂x2 = 0, t > 0, 0 < x < π,

u(0, x) = x, u(t, 0) = u(t, π) = 0.

u(t, x) = T (t)X(x), T ′(t)
4T (t)

= X′′(x)
X(x)

= −λ
T ′(t) + 4λT (t) = 0, t > 0,
X ′′(x) + λX(x) = 0, X(0) = X(π) = 0, λ > 0.

X(x) = c1 cos
√
λx+ c2 sin

√
λx,

X(0) = c1 = 0, c2 = 1, X(x) = sin
√
λx,

X(π) = sin
√
λπ = 0,⇒

√
λπ = kπ,

λ ≡ λk = k2, X ≡ Xk(x) = sin kx, k = 1, 2, ...

T ′k(t) + 4λkTk(t) = T ′k(t) + 4k2Tk(t) = 0, t > 0,

Tk(t) = ake
−4k2t, t > 0,

uk(t, x) = Tk(t)Xk(x) = ake
−4k2t sin kx,

u(t, x) =
∑∞

k=1 uk(x, y) =
∑∞

k=1 ake
−4k2t sin kx,

x = u(0, x) =
∑∞

k=1 ak sin kx,

ak = 2
π

∫ π
0
x sin kx dx = 2

π
{
[
x (− cos kx)

k

]π
0
+
∫ π

0
cos kx
k

dx} = 2(−1)k−1

k
.

u(t, x) =
∑∞

k=1
2(−1)k−1

k
e−4k2t sin kx.

(4) Rie²te okrajovú úlohu

4u = ∂2u
∂x2 + ∂2u

∂y2
= 0, 0 < x < 2, 0 < y < π,

∂u
∂y

(x, 0) = ∂u
∂y

(x, π) = u(0, y) = 0, u(2, y) = 1.

u(x, y) = X(x)Y (y),
X ′′(x)− λX(x) = 0
Y ′′(y) + λY (y) = 0, Y ′(0) = Y ′(1) = 0.

a) λ0 = 0, Y ′′(y) = 0⇒ Y0(y) = c1y + c2.
Y ′0(0) = Y ′0(π) = c1 = 0, c2 = 1⇒ Y0(y) = 1.

b) λ > 0, Y (y) = c1 cos
√
λy + c2 sin

√
λy,

Y ′(y) = −c1

√
λ sin

√
λy + c2

√
λ cos

√
λy,

Y ′(0) = c2

√
λ = 0⇒ c2 = 0, c1 = 1,

Y (y) = cos
√
λy, Y ′(π) = − sin

√
λπ = 0⇒

√
λπ = kπ,

λ ≡ λk = k2, Y (y) ≡ Yk(y) = cos ky, k = 0, 1, 2, ...

X ′′k − λkXk(x) = 0, X ′′k − k2Xk(x) = 0, k = 0, 1, 2, ...
X0(x) = a0 + b0x, X0(0) = a0 = 0⇒ X0(x) = b0x,
Xk(x) = ak cosh kx+ bk sinh kx.
Xk(0) = ak = 0⇒ Xk(x) = bk sinh kx, k = 1, 2, ...



u0(x, y) = X0(x)Y0(y) = b0x,
uk(x, y) = Xk(x)Yk(y) = bk sinh kx cos ky, k = 1, 2, ...
u(x, y) =

∑∞
k=0 uk(x, y) = b0x+

∑∞
k=1 bk sinh kx cos ky.

1 = u(2, y) = 2b0 +
∑∞

k=1 bk sinh 2k cos ky.

B0 = 2b0 =
R π
0 12 dyR π
0 12 dy

= 1⇒ b0 = 1
2
,

Bk = bk sinh 2k = 2
π

∫ π
0

1 cos ky dy = 0⇒ bk = 0, k = 1, 2, ...

u(x, y) = 1
2
x.

(5) Rie²te okrajovú úlohu
4u(x, y) = 0, x2+y2 < 1, y > 0, u(x, y) = 1, ak x2+y2 = 1.

r2 ∂2u
∂r2

+ r ∂u
∂r

+ ∂2u
∂φ2 = 0, 0 ≤ r < 1, 0 < φ < π,

u(r, 0) = u(r, π) = 0, u(1, φ) = 1.
u(r, φ) = R(r)Φ(φ),
r2R′′(r)+rR′(r)

R(r)
= −Φ′′(φ)

Φ(φ)
= λ.

r2R′′(r) + rR′(r)− λR(r) = 0, 0 ≤ r < 1,
Φ′′(φ) + λΦ(φ) = 0, 0 < φ < π, Φ(0) = Φ(π) = 0,

λ > 0, Φ(φ) = c1 cos
√
λφ+ c2 sin

√
λφ,

Φ(0) = c1 = 0, c2 = 1,→ Φ(φ) = sin
√
λφ,

Φ(π) = sin
√
λπ = 0,⇒

√
λπ = kπ,

λ ≡ λk = k2, Φ(φ) ≡ Φk(φ) = sin kφ,
r2R′′(r) + rR′(r)− k2R(r) = 0, 0 ≤ r < 1,
R(r) = akr

k + bkr
−k, k = 1, 2, ...

bk = 0 , pretoºe rie²enie je ohrani£ené.
R(r) ≡ Rk(r) = akr

k, k = 1, 2, ..., 0 < r < 1,
uk(r, φ) = Rk(r)Φk(φ) = akr

k sin kφ, k = 1, 2, ...
u(r, φ) =

∑∞
k=1 uk(r, φ) =

∑∞
k=1 akr

k sin kφ.
1 = u(1, φ) =

∑∞
k=1 ak sin kφ.

ak = 2
π

∫ π
0

sin kφ dφ = 2
π

[− cos kφ
k

]π
0

= 2
kπ

[1− (−1)k],

u(r, φ) =
∑∞

k=1
2
kπ

[1− (−1)k]rk sin kφ.

(6) Rie²te za£iato£no-okrajovú úlohu
∂u
∂t
− 9∂

2u
∂x2 = 0, t > 0, 0 < x < 2,

u(0, x) = x, u(t, 0) = u(t, 2) = 0.

u(t, x) = T (t)X(x), T ′(t)
9T (t)

= X′′(x)
X(x)

= −λ
T ′(t) + 9λT (t) = 0, t > 0,
X ′′(x) + λX(x) = 0, X(0) = X(2) = 0, λ > 0.

X(x) = c1 cos
√
λx+ c2 sin

√
λx,

X(0) = c1 = 0, c2 = 1, X(x) = sin
√
λx,



X(2) = sin
√
λ2 = 0 ⇒ 2

√
λ = kπ,

λ ≡ λk = k2π2

4
, X ≡ Xk(x) = sin kπ

2
x, k = 1, 2, ...

T ′k(t) + 9λkTk(t) = T ′k(t) + 9k
2π2

4
Tk(t) = 0, t > 0,

Tk(t) = ake
− 9k2π2

4
t, t > 0,

uk(t, x) = Tk(t)Xk(x) = ake
− 9k2π2

4
t sin kπ

2
x,

u(t, x) =
∑∞

k=1 uk(x, y) =
∑∞

k=1 ake
− 9k2π2

4
t sin kπ

2
x,

x = u(0, x) =
∑∞

k=1 ak sin kπ
2
x,

ak = 2
π

∫ 2

0
x sin kπ

2
x dx =

2
π
{
[
x(− 2

kπ
) cos kπ

2
x
]2

0
+
∫ π

0
2
kπ

cos kπ
2
x dx} = 4(−1)k−1

kπ
.

u(t, x) =
∑∞

k=1
4(−1)k−1

kπ
e−

9k2π2

4
t sin kπ

2
x, t > 0, 0 < x < 2.


