
(1) Rie²te okrajovú úlohu

4u = ∂2u
∂x2 + ∂2u

∂y2 = 0, 0 < x < 2, 0 < y < 1,
∂u
∂y (x, 0) = u(x, 1) = u(0, y) = 0, ∂u

∂x (2, y) = 1.

u(x, y) = X(x)Y (y),
X ′′(x)− λX(x) = 0
Y ′′(y) + λY (y) = 0, Y ′(0) = Y (1) = 0.
λ > 0, Y (y) = c1 cos

√
λy + c2 sin

√
λy,

Y ′(y) = −c1
√
λ sin

√
λy + c2

√
λ cos

√
λy,

Y ′(0) = c2
√
λ = 0⇒ c2 = 0, c1 = 1,

Y (y) = cos
√
λy, Y (1) = cos

√
λ = 0⇒

√
λ = (2k−1)π

2 ,

λ ≡ λk = (2k−1)2π2

4 , Y (y) ≡ Yk(y) = cos (2k−1)π
2 y, k = 1, 2, ...

X ′′k − λkXk(x) = 0, X ′′k −
(2k−1)2π2

4 Xk(x) = 0
Xk(x) = ak cosh (2k−1)π

2 x+ bk sinh (2k−1)π
2 x.

Xk(0) = ak = 0⇒ Xk(x) = bk sinh (2k−1)π
2 x.

uk(x, y) = Xk(x)Yk(y) = bk sinh (2k−1)π
2 x cos (2k−1)π

2 y,

u(x, y) =
∑∞
k=1 uk(x, y) =

∑∞
k=1 bk sinh (2k−1)π

2 x cos (2k−1)π
2 y.

1 = ∂u
∂y (2, y) =

∑∞
k=1 bk

(2k−1)π
2 cosh(2k − 1)π cos (2k−1)π

2 y.

Bk = bk
(2k−1)π

2 cosh(2k − 1)π = 2
∫ 1

0
1 cos (2k−1)π

2 y dy

= 4
(2k−1)π sin (2k−1)π

2 = 4(−1)k−1

(2k−1)π .

bk = Bk
(2k−1)π

2 cosh(2k−1)π
= 8(−1)k−1

(2k−1)2π2 cosh(2k−1)π .

u(x, y) =
∑∞
k=1

8(−1)k−1

(2k−1)2π2 cosh(2k−1)π sinh (2k−1)π
2 x cos (2k−1)π

2 y.

(2) Rie²te okrajovú úlohu
4u(x, y) = 1, x2 + y2 < 1, u(x, y) = 0, ak x2 + y2 = 1.
∂2u
∂r2 + 1

r
∂u
∂r + 1

r2
∂2u
∂φ2 = 1, 0 < r < 1.

r2 ∂
2u
∂r2 + r ∂u∂r + ∂2u

∂φ2 = r2, 0 ≤ r < 1, 0 ≤ φ ≤ 2π, u(1, φ) = 0
u(r, φ) = R(r), 0 ≤ r < 1, R(1) = 0.
r2R′′(r) + rR′(r) = r2, rR′′ +R′ = r,
(rR′(r))′ = r, R(1) = 0,
rR′(r) = 1

2r
2 + C, R′(r) = 1

2r + C1
r ,

R(r) = 1
4r

2 + C1 ln r + C2, C1 = 0, pretoºe rie²enie je ohrani£ené.

R(1) = 1
4 + C2 = 0⇒ C2 = − 1

4 ,

R(r) = u(r, φ) = 1
4r

2 − 1
4 = 1

4 (r2 − 1),
u(x, y) = 1

4 (x2 + y2 − 1).

1



(3) Rie²te okrajovú úlohu

∆u(x, y) = 0, x2 + y2 < 9, y > 0;
u(x, 0) = 0, ∂u

∂~n = 2, ak x2 + y2 = 9.

Rie²enie:

∆u(r, ϕ) = ∂2u
∂r2 + 1

r
∂u
∂r + 1

r2
∂2u
∂2ϕ = 0, u(r, 0) = u(r, π) = 0, ∂u

∂r (3, ϕ) = 2.

r2∆u(r, ϕ) = r2 ∂
2u
∂r2 + r ∂u∂r + ∂2u

∂2ϕ = 0, 0 ≤ r < 3, 0 < ϕ < π.

Dosadi´ u(r, ϕ) = R(r)Φ(ϕ) :
r2R′′Φ+ rR′Φ+RΦ′′ = 0/ 1

RΦ ,

r2R′′+rR′

R = −Φ
′′

Φ = λ.

r2R′′ + rR′ − λR(r) = 0, 0 ≤ r < 3,

Φ′′ + λΦ = 0, Φ(0) = Φ(π) = 0.

Z prvej okrajovej podmienky: λ > 0, Φ(ϕ) = sin
√
λϕ.

Z druhej okrajovej podmienky:
Φ(π) = sin

√
λπ = 0, ⇒

√
λπ = nπ, n = 1, 2, ...

λ ≡ λn = n2, Φ ≡ Φn(ϕ) = sin nϕ.

r2R′′n + rR′n − n2Rn(r) = 0, 0 ≤ r < 3,
Rn(r) = anr

n + bnr
−n, bn = 0 - ohrani£enos´ rie²enia v nule.

un(r, ϕ) = Rn(r)Φn(ϕ) = anr
n sin nϕ.

u(r, ϕ) =
∑∞
n=1 anr

n sin nϕ.

Nenulová okrajová podmienka:
∂u
∂r (3, ϕ) = 2 =

∑∞
n=1 ann3n−1 sin nϕ.

Fourierove koe�cienty:

An = ann3n−1 = 2
π

∫ π
0

2 sin nϕdϕ = 2[1−(−1)n]
nπ .

an = 2[1−(−1)n]
3n−1n2π .

u(r, ϕ) =
∞∑
n=1

6[1− (−1)n]
n2

(r
3

)n
sin nϕ.

(4) Rie²te okrajovú úlohu

∆u(x, y) = 0, x2 + y2 < 4, x > 0, y > 0;
u(x, 0) = 0, ∂u

∂x (0, y) = 0, u = 1, ak x2 + y2 = 4.

Rie²enie:

∆u(r, ϕ) = ∂2u
∂r2 + 1

r
∂u
∂r + 1

r2
∂2u
∂2ϕ = 0, u(r, 0) = u(r, π) = 0, u(2, ϕ) = 1.

r2∆u(r, ϕ) = r2 ∂
2u
∂r2 + r ∂u∂r + ∂2u

∂2ϕ = 0, 0 ≤ r < 2, 0 < ϕ < π
2 .

Dosadi´ u(r, ϕ) = R(r)Φ(ϕ) :
r2R′′Φ+ rR′Φ+RΦ′′ = 0/ 1

RΦ ,



r2R′′+rR′

R = −Φ
′′

Φ = λ.

r2R′′ + rR′ − λR(r) = 0, 0 ≤ r < 2,

Φ′′ + λΦ = 0, Φ(0) = Φ′(π2 ) = 0.

Z prvej okrajovej podmienky: λ > 0, Φ(ϕ) = sin
√
λϕ.

Z druhej okrajovej podmienky:
Φ′(π2 ) =

√
λ cos

√
λπ2 = 0, ⇒

√
λπ2 = (2n− 1)π2 , n = 1, 2, ...

λ ≡ λn = (2n− 1)2, Φ ≡ Φn(ϕ) = sin (2n− 1)ϕ.

r2R′′n + rR′n − (2n− 1)2Rn(r) = 0, 0 ≤ r < 2,
Rn(r) = anr

2n−1 + bnr
−(2n−1), bn = 0 - ohrani£enos´ rie²enia v nule.

un(r, ϕ) = Rn(r)Φn(ϕ) = anr
2n−1 sin (2n− 1)ϕ.

u(r, ϕ) =
∑∞
n=1 anr

2n−1 sin (2n− 1)ϕ.

Nenulová okrajová podmienka:
u(2, ϕ) = 1 =

∑∞
n=1 an22n−1 sin (2n− 1)ϕ.

Fourierove koe�cienty:

An = an22n−1 = 4
π

∫ π
2

0
sin (2n− 1)ϕdϕ = 4

(2n−1)π .

an = 4
22n−1(2n−1)π .

u(r, ϕ) =
∞∑
n=1

4
(2n− 1)π

(r
2

)2n−1

sin (2n− 1)ϕ.

(5) Rie²te úlohu na vlastné hodnoty a vlastné funkcie

∆u+ λu(x, y) = 0, 0 < x < π, 0 < y < 2,
u(0, y) = u(π, y) = ∂u

∂y (x, 0) = u(x, 2) = 0.

Rie²enie:

u(x, y) = X(x)Y (y), λ = µ+ ν.
Jednorozmerné úlohy na vlastné hodnoty a vlastné funkcie:

a) X ′′ + µX(x) = 0, X(0) = X(π) = 0,

b) Y ′′ + νY (y) = 0, Y ′(0) = Y (2) = 0.

a): Z prvej okrajovej podmienky: µ > 0, X(x) = sin
√
µx,

Z druhej okrajovej podmienky:
X(π) = sin(

√
µπ) = 0⇒ √µπ = mπ.

µ ≡ µm = m2, X ≡ Xm(x) = sin mx.



b): Z druhej okrajovej podmienky: ν > 0,
Z prvej okrajovej podmienky Y (y) = cos

√
νy,

Z druhej okrajovej podmienky:
Y (2) = cos

√
ν2 = 0⇒

√
ν2 = (2n− 1)π2 .

ν ≡ νn =
[

(2n− 1)π
4

]2
, Y ≡ Yn(y) = cos

(2n− 1)π
4

y.

Spolu:

λ ≡ λm,n = µm + νn = m2 +
[

(2n− 1)π
4

]2
,

u ≡ um,n(x, y) = Xm(x)Yn(y) = sin mx cos
(2n− 1)π

4
y, m, n = 1, 2, ...

(6) Rie²te úlohu na vlastné hodnoty a vlastné funkcie

∆u+ λu(x, y) = 0, 0 < x < 1, 0 < y < 2,
∂u
∂xu(0, y) = u(1, y) = u(x, 0) = u(x, 2) = 0.

Rie²enie:

u(x, y) = X(x)Y (y), λ = µ+ ν.
Jednorozmerné úlohy na vlastné hodnoty a vlastné funkcie:

a) X ′′ + µX(x) = 0, X ′(0) = X(1) = 0,

b) Y ′′ + νY (y) = 0, Y (0) = Y (2) = 0.

a): Z druhej okrajovej podmienky: µ > 0,
Z prvej okrajovej podmienky: X(x) = cos

√
µx,

Z druhej okrajovej podmienky:
X(1) = cos(

√
µ) = 0⇒ √µ = (2m− 1)π2 .

µ ≡ µm =
[

(2m− 1)π
2

]2
, X ≡ Xm(x) = cos

(2m− 1)π
2

x.

b): Z prvej okrajovej podmienky: ν > 0, Y (y) = sin
√
νy,

Z druhej okrajovej podmienky:
Y (2) = sin

√
ν2 = 0⇒

√
ν2 = nπ.

ν ≡ νn =
(nπ

2

)2

, Y ≡ Yn(y) = sin
nπ

2
y.

Spolu:

λ ≡ λm,n = µm + νn =
[

(2m− 1)π
2

]2
+
(nπ

2

)2

=
(π

2

)2

[(2m− 1)2 + n2],

u ≡ um,n(x, y) = Xm(x)Yn(y) = cos
(2m− 1)π

2
x sin

nπ

2
y, m, n = 1, 2, ...


