Diferencialne rovnice

Na intervale [0, 10] je budeme rié&liferencialnu rovnicu:

y(0) =2
y' = 3-7*sin(5*x)+1.4*y.~0.5.*cos(y)

Euler:

Zatneme najjednoduchSou Eulerovou metddou s krokoma@a@stupne krokovanie
zjemnime. Sme si vedomi toho, Zecijptocny krok 0.2 je z hadiska presnosti
vypostu neprimerane \f&y,* len by sme radi videli aj na obrazkio, to znamena.

Najprv si pripomenieme princip vy{m:
0-  Za&iname v x = 0 a vtedy y = 2. Smernica v tomto bhede
3-7*sin(5*0)+1.4*2.70.5.*cos(2) = 2.17607129974292
0,2 - VdalSom bode je preto
y =2+ 0.2*2.17607129974292 = 2.435214259948584
A takto pokr&ujeme az do bodu 10... a samozrejme, chceme tayohlo:

>> h=0.2; n=10/h+1; x=linspace(0,10,n); delenie intervalu 0-10
>> f=inline('3-7*sin(5*x)+1.4*y.~0.5.*cos(y)"); y=2t=0; zatinam od [0.2]
for k=2:n, y(k)=y(k-1)+h*f(t,y(k-1)); t=t+h; end,Ipt(x,y), hold on

v cykle robim po krokoch 0,2 vypet y,
hodnoty y ukladame do vektora 'y
a vykreslime

Dalej budeme postupne zjaova’ krok. Kazdy vysledok vykreslime inou farbou.
Oc¢akadvame pochopifee, Zetim jemnejSie delenie, tym bude vysledok presnejsi.

>> h=0.1; n=10/h+1; x=linspace(0,10,n);

>> y=2; t=0; for k=2:n, y(k)=y(k-1)+h*f(t,y(k-1))t=t+h; end, plot(x,y,r"), hold on
>> h=0.05; n=10/h+1; x=linspace(0,10,n);

>> y=2; t=0; for k=2:n, y(k)=y(k-1)+h*f(t,y(k-1))t=t+h; end, plot(x,y,'g")

>> h=0.01; n=10/h+1; x=linspace(0,10,n);

>> y=2: t=0; for k=2:n, y(k)=y(k-1)+h*f(t,y(k-1))t=t+h; end, plot(x,y,'m")

>> h=0.001; n=10/h+1; x=linspace(0,10,n);

>> y=2; t=0; for k=2:n, y(k)=y(k-1)+h*f(t,y(k-1))t=t+h; end, plot(x,y,'k")

! v zékladnom predpise funkcie vystupuje 7*sin(8dnus meni svoju hodnotu od -1 po 1 na intervale
dizky pi, takze 7*sin(5x) zvladne -7 az 7 p#5, ¢o je orient&ne 0.6. Delenie po 0.2 (tretina 0.6) teda
nema Sancu zachytdvameny smernice dostéatwe citlivo.
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Nakoniec td modréiara pri deleni 0.2 nedopadla az tak katastrofdinej o nejakej
ohurujlicej presnosti nemézetyes. Cerven&iara je na tom lepsie a zvy3nédiary
sa takmer prekryvaju. TakZze delenie s krokom 0.@5mbéZzeme povazovaza
primerané.

Euler — modifikacia:

Budeme péitat’ to isté modifikovanou Eulerovou metddou.
Op& zaneme pripomenutim si principu a dpzaneme krokom 0.2, aby sme sa
potom mohli tegi z toho, ako nam vSetko krasne konverguje.
0- Zainame v x =0 avtedy y = 2. Smernica v tomto bede
k1= 3-7*sin(5*0)+1.4*2.70.5.*cos(2) = 2.176071292BP
0.1 — V smere danom smernicou urobime POLkrokdrarsvame predbezné
y(0.1) = 2+0.1*2.17607129974292 = 2.217607129974292

Korigovana smernica ratana v 0.1:

k2 = 3-7*sin(5*0.1)+1.4*2.217607129974292"0.5*cag(7607129974292)
=-1.612389139594002

0,2 - VdalSom bode je potom hodnota

y =2+ 0.2*-1.612389139594002 = 1.677522172081200



Takto to urobime pre cely interval 0 az 10, a po&gpre jemnejSie delenia:

>> h=0.2; n=10/h+1; x=linspace(0,10,n);
>> f=inline('3-7*sin(5*x)+1.4*y.”~0.5.*cos(y)"); y=2t=0; for k=2:n,

s=y(k-1)+0.5*h*f(t,y(k-1)); y(k)=y(k-1)+h*f(t+0.5*hs); t=t+h; end, plot(x,y), hold on
>> h=0.1; n=10/h+1; x=linspace(0,10,n); y=2; t=0;

for k=2:n, s=y(k-1)+0.5*h*f(t,y(k-1)); y(k)=y(k-1)k*f(t+0.5*h,s); t=t+h; end, plot(x,y,r")
>> h=0.05; n=10/h+1; x=linspace(0,10,n); y=2; t=0;

for k=2:n, s=y(k-1)+0.5*h*f(t,y(k-1)); y(k)=y(k-1)h*f(t+0.5*h,s); t=t+h; end, plot(x,y,'g’)
>> h=0.01; n=10/h+1; x=linspace(0,10,n); y=2; t=0;

for k=2:n, s=y(k-1)+0.5*h*f(t,y(k-1)); y(K)=y(k-1)#*f(t+0.5*h,s); t=t+h; end, plot(x,y,'m’)
>> h=0.001; n=10/h+1; x=linspace(0,10,n); y=2; t=0;

for k=2:n, s=y(k-1)+0.5*h*f(t,y(k-1)); y(k)=y(k-1)h*f(t+0.5*h,s); t=t+h; end, plot(x,y,'k")
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Komentar k obrazku by bol podobny ako v predoSleipgale, s dodatkom, Ze pri tom

trapeni sa navyse ovek ¢akal rychlejSiu konvergenciu a razantnejSie bliéesa
k spravnemu vysledku.

Heunova metoda:

Pripomenieme si princip:
0- Za&inamevx=0ay=2. Smernica v tomto bode je R1£7607129974292
(0.2) — V smere danom smernicou urobime predbkio®/vpred a mame

ypom(0.2) = 2 + 0.2*2.17607129974292 = 2.43521428984



Korigovana smernica ratana v 0.2:

k2 = 3-7*sin(5*0.2)+1.4*2.435214259948584"0.5*cad{@5214259948584)
= -4.552255026992040

0,2 - VdalSom bode je potom hodnota y vysledkom kroku sersioou
k=(k1+k2)/2=-1.18809186362456
y=2+0.2*-1.18809186362456 = 1.762381627275088

Nechame si vyratavSetko naraz a pr#alSie delenia.

>> clear all
>>h=0.2; n=10/h+1; x=linspace(0,10,n);
>> f=inline('3-7*sin(5*x)+1.4*y.”0.5.*cos(y)"); y=2t=0;
>> for k=2:n, k1=f(t,y(k-1)); yp=y(k-1)+h*k1; k2=tf-h,yp); y(K)=y(k-1)+h*(k1+k2)/2; t=t+h; end,
plot(x,y), hold on
>> h=0.1; n=10/h+1; x=linspace(0,10,n); y=2; t=0;
>> for k=2:n, k1=f(t,y(k-1)); yp=y(k-1)+h*k1; k2=tf-h,yp); y(k)=y(k-1)+h*(k1+k2)/2; t=t+h; end, plotfy,'r")
>> h=0.05; n=10/h+1; x=linspace(0,10,n); y=2; t=0;
>> for k=2:n, k1=f(t,y(k-1)); yp=y(k-1)+h*k1; k2=tt-h,yp); y(K)=y(k-1)+h*(k1+k2)/2; t=t+h; end, plotly,'g’)
>>h=0.01; n=10/h+1; x=linspace(0,10,n); y=2; t=0;
>> for k=2:n, k1=f(t,y(k-1)); yp=y(k-1)+h*k1; k2=tt-h,yp); y(K)=y(k-1)+h*(k1+k2)/2; t=t+h; end, plotfy,'m")
>> h=0.001; n=10/h+1; x=linspace(0,10,n); y=2; t=0;
>> for k=2:n, k1=f(t,y(k-1)); yp=y(k-1)+h*k1; k2=t¢-h,yp); y(K)=y(k-1)+h*(k1+k2)/2; t=t+h; end, plot(y,'k’)
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Obrazok sa skoro neliSi od predoslého.



Runge-Kutta 4. radu:

Princip metédy je podobny ako v modifikacii Euleekurat vypdet potiahneme
d’alej a vhodne vysledky spriemerujeme.

0- Zainame v x =0 a vtedy y = 2. Smernica v tomto bede
k1= 3-7*sin(5*0)+1.4*2.20.5.*cos(2) = 2.17607129FD2
(0.1) — V smere danom smernicou urobime POLkrokd@ mame predbezné
yp(0.1) = 2+0.1*2.17607129974292 = 2.21760712992429
Korigovana smernica ratana v 0.1:

k2 = 3-7*sin(5*0.1)+1.4*2.217607129974292"0.5*cag(7607129974292)
=-1.612389139594002

{0.1} — V smere danom k2 urobime zase polkrok:
yq(0.1) = 2+0.1*-1.612389139594002 = 1.838761d860
Dalsia korekcia smernice:

k3 = 3-7*sin(5*0.1)+1.4*1.8387610860406"0.5*co8387610860406)
=-0.8586203896160678

(0.2) — V smere k3 urobime cely krok vpred a zistBnhsmernicu:
yr(0.2) = 2 + 0.2*-0.8586203896160678 = 1.82827%57 86

k4 = 3-7*sin(5*0.2)+1.4*1.828275922076786"0.5*cb828275922076786)
=-3.372336172843774

Konetna verzia smernice je potom k=(k1+2*k2+2*k3+k4)/61-023047321920166
Tymto smerom urobime krok vpred:

y(0.2) = 2 + 0.2*-1.023047321920166 = 1.7953903586 7

Vypocet naraz na celom intervale uz bude komplikovanejsi



>> clear all

>> h=0.2; n=10/h+1; x=linspace(0,10,n);

>> f=inline('3-7*sin(5*x)+1.4*y.~0.5.*cos(y)"); y=2t=0;

>> for k=2:n, k1=f(t,y(k-1)); yp=y(k-1)+0.5*h*k1; R=f(t+0.5*h,yp);
yg=y(k-1)+0.5*h*k2; k3=f(t+0.5*h,yp); yr=y(k-1)+h*B; k4d=f(t+h,yr);
y(k)=y(k-1)+h*(k1+2*k2+2*k3+k4)/6; t=t+h; end, pl@t,y), hold on
>> h=0.1; n=10/h+1; x=linspace(0,10,n); y=2; t=0;

>> for k=2:n, k1=f(t,y(k-1)); yp=y(k-1)+0.5*h*k1; R=f(t+0.5*h,yp);
yg=y(k-1)+0.5*h*k2; k3=f(t+0.5*h,yp); yr=y(k-1)+h*B; kd=f(t+h,yr);
y(K)=y(k-1)+h*(k1+2*k2+2*k3+k4)/6; t=t+h; end, pl¢t,y,'r")

>> h=0.05; n=10/h+1; x=linspace(0,10,n); y=2; t=0;

>> for k=2:n, k1=f(t,y(k-1)); yp=y(k-1)+0.5*h*k1; R=f(t+0.5*h,yp);
yg=y(k-1)+0.5*h*k2; k3=f(t+0.5*h,yp); yr=y(k-1)+h*B; k4=f(t+h,yr);
y(k)=y(k-1)+h*(k1+2*k2+2*k3+k4)/6; t=t+h; end, pl@t,y,'q")

>> h=0.01; n=10/h+1; x=linspace(0,10,n); y=2; t=0;

>> for k=2:n, k1=f(t,y(k-1)); yp=y(k-1)+0.5*h*k1; R=f(t+0.5*h,yp);
yg=y(k-1)+0.5*h*k2; k3=f(t+0.5*h,yp); yr=y(k-1)+h*B; kd=f(t+h,yr);
y(k)=y(k-1)+h*(k1+2*k2+2*k3+k4)/6; t=t+h; end, pl@t,y,'m’)
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AZ na modr&iaru, ktorej nepomé6ze nijaka metdda, to konvergyphlejSie.



Ulohy:
1. Kreslite do jedného obrazku Styri grafy ziska&étkymi uvedenymi Styrmi
metddami vzdy pri jednom (pre vSetkych rovnakonigdiintervalu x.

2. Paitajte roznymi metdédami pri réznych hustotach delentervalu [1, 5] dif.
rovnicu:
y' = (L+sin(y)) Y+ x-1;  y(1) =2

3. PredosIu ulohu rieSte pomocou matlabovskej oddetio inych solverov, ktorych
zoznam a strinu charakteristiku ziskate cez help.

Navod:
Rovnicu y'=f(x,y) so z& podm. y(a)=y0 rieSime na intervale [a,b] takto:

Zadame f ako inline objekt a poktgeme:
[t.y] = oded5(f, [a, b], y0)

Vysledkom je vektor t, v ktorom sa nachadzajua bodgrvalu [a,b] — matlab si ho
sam podelil na menSigsti, a hodnoty neznamej funkcie y v bodoch t.
Vyslednu funkciu si mézZzeme daykresli’ cez prikaz plot(t,y).

Ak nam ide len o obrazok a samotné hodnoty t,ynpoiana né nepotrebujeme,
moéZeme ziskaobrazok hné, stai iba nepytd uloZenie do t,y:

ode45(f , [a, b], y0)

Presnog vysledku je Standardne le-6 (ohtmmie absolutnej chyby). Ak mame
vzh'adom na presnésysSie ambicie, musime sa s nimi zd&vajiMatlabu.

Standardné nastavenia matlabovskych funkcii odistfrae prikazom odeset:

>> odeset
AbsTol: [ positive scalar or vector {1¢]6
RelTol: [ positive scalar {1e-3} ]

Zmenu absolltnej presnosti napr. na 1e-9 dosiahtygmestym prikazom:

>> odeset('AbsTol', 1e-9)
ans =
AbsTol: 1.000000000000000e-009



