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IDEALS WITH AT MOST COUNTABLE HULL
IN CERTAIN ALGEBRAS OF FUNCTIONS ANALYTIC ON THE
HALF-PLANE

ANDRZEJ SOLTYSIAK

ABSTRACT. We describe all closed ideals with at most countable hull in the algebras A(®)(C*)
(a > 0) of analytic functions on the complex half-plane.

The space A™(C*) (n € N) is the set of functions F' analytic on the right half-plane Ct =
{z € C: Rez > 0} continuously extendable to iR, whose derivatives F*) are continuous on
CT\ {0} and satisfy lim, g sz(k)(z) =0 for 1 < k < n, while lim,_,oo zFF®) (2)=0,0<k<n
(we denote FO) = F).

For a bounded function F' on C* let ||Fl|loc = sup,cc+ |F(2)]. Provided with the norm
1F () = >0 |¢7FY)|| o (¢ stands for the identity function z — z) and the pointwise multi-
plication the space A" (C*) is a Banach algebra. Notice that the norm || F l|(n) is equivalent to
the norm || F|ln, = || Flleo + |IC"F™||s (see [2], Prop. 3.3 and Rem. 3.6).

The space A (Ct) is the set of continuous functions on CF vanishing at infinity and analytic
on the half-plane C*. It is a Banach algebra with the pointwise multiplication and the norm
[Flloc = sup.ec+ [F(2)]-

The spaces A (CH), @ > 0, are defined by means of the fractional complex derivation
introduced in [2].

For F € AM(CT), a >0, n=[a]+1, and z = re’? € C* the complex a-derivative of F is
given by the formula

WoF(z) = (=D /Oo "o EM) (2 4 1) dt.
I'(n—a) J
It should be mentioned that the integral in the above formula is independent of 6, § € [-F, 7]
([2], Lemma 3.1).

For an arbitrary F € AM™(C*) let ||F|lo = ||F|loo + Sup,cc+ |2|*[WEF(2)).

The space A (Ct) is defined as the completion of the space AM™(C*) in the norm || - [|a
(n=la]+1).

Propositions 3.5 and 3.8 from [2] provide the following properties of the family of spaces
A@(CH), a > 0.

Theorem 1. [2] (i) For every o > 0 the space A (C*) is a Banach algebra under the pointwise
multiplication.

(ii) For B > a >0 there is a constant Cop > 0 such that |[F||o < Cogl|F|s-

Consequently, there is a natural continuous embedding AP (Ct) — A (CT) with a dense
range.

The family of algebras A (CT) (n € Ng) as well as the algebras .A(®)(C*) for o > 0 appeared
in the paper [2] as the spaces of Gelfand transforms of “fractional convolution algebras” of

functions on the half-line R = (0, +00).
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Closed ideals of the algebra A (Ct) were described in [3]. In the present paper we study

the ideals of the algebras A(®)(CT) (a > 0).

1
Let m(w) = 1—1—710 be the Mobius transform. It carries the disc D onto the half-plane C*
—w

z —

1
and the circle T onto iR U {oo}. The inverse of m is the function z — T If U is an inner

z+
function on the unit disc D, then the function &/ = U o m~! on C* can be represented as a
product U om™! = BS, where B is of the form

B(z) = (z—l)kgﬂ—zﬂ.z—zn

z+1 1—-22 247z,

while .S is uniquely representable as

S(2) = e~ exp <— /R EZ:Z; d,u(t))

for some positive measure p on R singular with respect to the Lebesgue measure and p > 0.
Hence, the set of zeros of the function B coincides with the set of zeros of U o m™! in the open
half-plane C* and the set of zeros of the factor S consists of zeros of U o m™! in the imaginary
axis iR and is equal to the support of . Functions on C* of the form U = BS are called inner
functions on the half-plane.

Now, let & be an inner functions on the half-plane. Let H = {H’ }Efﬂo be an arbitrary
descending family of closed subsets of iR such that 0 ¢ H7 for j > 0. Let us denote

IU;H) = {F € A(CT): U|F and FUY) vanishes on H? for 0 < j < [o] }.
If 7 is a closed ideal in A(®(Ct), then we denote
HYT)={z€iR: F(z)=0forall F€T},
and for 0 < j < [q]
H)(I) ={z€iR\{0}: F(z)=F'(z)=...=F9(z)=0forall FeT}.

Theorem 2. Let T be a closed ideal in A (C*) such that H(Z) is at most countable. Let Uz
be the greatest common inner divisor of all elements of Z. Then

T = Z(Uz; HOT), . .., HE(T)).

The proof of this result is based upon the main theorem of [4](Thm. 5.3) (see also Proceedings
of the 8th WFA | September 5-10, 2011, Nemecka) which gives the description of the closed ideals
with at most countable hull of certain subalgebras of the disc algebra.
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